Equations describing a single vortex in the charged Bose liquid at zero temperature are derived. The zero-temperature coherence length, magnetic-field penetration depth, vortex structure and energy, and lower critical field are calculated. The vortex differs from that in type-II BCS superconductors or in neutral superfluids. Its core is charged, and there is an electric field inside the core. ͓S0163-1829͑99͒00845-0͔
and with the theory of the charged Bose liquid beyond the lowest-order Bogoliubov approximation. [7] [8] [9] We found the upper critical magnetic field H c2 (T), below which charged bosons are condensed, 10 and derived the BogoliubovdeGenes ͑BdG͒-type equations describing charged bosons in the inhomogeneous electromagnetic field. 11, 12 The predicted temperature dependence of H c2 (T) was observed in many high-T c cuprates. 13 The magnetic-field dependence of the specific heat 14 also appeared to be consistent with that expected for the charged Bose gas. 15 Recently, a parameter-free expression for the condensation temperature of charged bosons on a lattice has been derived, which describes the critical temperature of a few dozen cuprates without any fitting parameters. 16, 17 These and many other experimental observations point uniquely to the possibility of an interesting electronic state in solids, which is a charged Bose liquid ͑CBL͒ of preformed pairs, presumably bipolarons. 18, 19 Besides this ''application'' aspect, charged bosons represent a fundamental reference system of the condensed-matter physics. As follows from our analysis of the upper critical field 10 and of the specific heat 15 CBL does not share the critical behavior of the BCS superfluids nor the universal ͓three-dimensional ͑3D͔͒ xϪy properties of neutral superfluids like 4 He but exhibits an unusual critical behavior.
In this paper I formulate and solve the equations describing a single vortex in CBL at Tϭ0 K. The vortex has a structure different from that in the BCS and neutral superfluids. Its core is charged and there is an electric field inside the core.
The Hamiltonian of charged bosons on a chargecompensating homogeneous background ͑to ensure global charge neutrality͒ in an external magnetic field with the vector potential A(r) is given by
where m*, e*, n, are the mass, charge, average density, and the chemical potential of bosons, and V(r)ϭe* 2 /⑀ 0 ͉r͉ is the Coulomb repulsion with ⑀ 0 the static dielectic constant of a host material.
The equation of motion for the field operator is derived using this Hamiltonian. If the density is relatively high, so the dimensionless Coulomb repulsion r s ϭm*e* 2 /ប 2 ⑀ 0 (4n/3) 1/3 is not very large, one can expect that the occupation numbers of one-particle states are not very much different from those in the ideal Bose gas. In particular, one state remains to be macroscopically occupied at Tϭ0 K. Then, following Bogoliubov 3 one can separate the large matrix element 0 from by treating the rest as small fluctuations:
͑r,t͒ϭ 0 ͑ r,t ͒ϩ ͑ r,t ͒. ͑2͒
The anomalous average 0 (r,t)ϭ͗(r,t)͘ is equal to (n 0 )
1/2 in a homogeneous system, where n 0 is the condensate density. Substituting the Bogoliubov displacement transformation Eq. ͑2͒ into the equation of motion and collecting c-number terms of 0 , we obtain a set of the BdG-type equations. 12 The macroscopic condensate wave function ͑the order parameter͒ obeys the following equation:
There are also higher-order terms in r s proportional to the density of bosons, ñ Ӎ0.2nr s 3/4 , pushed up from the condensate by the Coulomb interaction at Tϭ0 K. 2 They are negligible even for the intermediate value of r s Ӎ1. With the same accuracy one can take n 0 ϭn. The integro-differential Eq. ͑3͒ is essentially different from the Ginsburg-Landau 20 and the Gross-Pitaevskii 21, 22 equations, describing the order parameter in the BCS and neutral superfluids, respectively. As recognized by London 23 and discussed in detail by Vinen 24 superconducting metals and neutral superfluids ( 4 He) have many features in common with their characteristic properties resulting from the macroscopic quantum coherence and a short-range ͑local͒ interaction. While CBL shares the quantum coherence owing to the Bose-Einstein condensate ͑BEC͒, the long-range ͑nonlocal͒ interaction leads to a few peculiarities. It is worthwhile to emphasize that one should apply a bare ͑unscreened͒ Coulomb repulsion in Eq. ͑3͒ to avoid the double counting of the interaction in the perturbation theory diagrams. 11 Actually, the coherence length appears to be just the same as the screening radius ͑see below͒.
Under the stationary conditions, Eq. ͑3͒ supplemented by the current density, j(r)ϭ(e*/m*)Re͓ 0 *(r)(Ϫiបٌ Ϫe*A/c) 0 (r)͔, and by the Maxwell equations, is reduced to a set of three nonlinear differential equations:
As usual 25 these equations are written in a form which introduces the dimensionless quantities: ͉ 0 ͉ϭn 0 1/2 f , r ϭ(0), e*(0)(0)curl A/បcϭh for the order parameter, length, and magnetic field, respectively. The electric field potential given by
with a fundamental unit c ϭប 2 /2e*m*(0) 2 . The coherence length is about the same as the RPA screening radius at Tϭ0 K,
, where p0
is the zero-temperature plasma frequency. 2 The London penetration depth is (0) ϭ(m*c 2 /4ne* 2 )
1/2
. Cylindrical symmetry is assumed. There are six boundary conditions in a single-vortex problem. Four of them are the same as in the BCS superconductor:
26 hϭdh/dϭ0, f ϭ1 for ϭϱ and the flux quantization condition, dh/dϭϪp f 2 / for ϭ0, where p is an integer. The remaining two conditions are derived from the global charge neutrality: ϭ0 for ϭϱ and
for the electric field at the origin. Besides of that the chemical potential is zero, as it should be in the globally neutral CBL in the thermal equilibrium below the BEC critical temperature.
The most realistic regime of CBL is an extreme type II with a very large Ginsburg-Landau parameter, ϭ(0)/(0)ӷ1 ͑see below͒. In this regime Eq. ͑6͒ is reduced to the London equation with the familiar solution, 26 hϭ pK 0 ()/ where K 0 () is the Hankel function of imaginary argument of zero order. For the region рp, where the order parameter and the electric field differ from unity and zero, respectively, one can use the flux quantization condition to integrate out the magnetic field. That leaves us with the two parameter-free equations written for rϭ as In the region pӶrϽp the solutions are f ϭ1 ϩ(4p 2 /r 4 ) and ϭϪp 2 /r 2 . In this region the solution for f differs qualitatively from the BCS order parameter, 25 f BCS ϭ1Ϫ(p 2 /r 2 ) ͑see also Fig. 1͒ , which is a result of the local charge redistribution caused by the magnetic field. Different from the BCS superconductor, where the total density of electrons remains constant across the sample, CBL allows for the flux penetration by redistributing the density of bosons within the coherence volume. This leads to an increase of the order parameter compared with the homogeneous case ( f Ͼ1) in the region close to the vortex core. Inside the core the order parameter is suppressed, Fig. 1 , as in the BCS superconductors. The resulting electric field, Fig.  2͑b͒ , ͑together with the magnetic field͒ acts as an additional centrifugal force increasing the steepness (c p ) of the order parameter compared with the BCS superfluid where c 1 Ӎ1.1664, Fig. 2͑a͒ .
The breakdown of the local charge neutrality is due to the absence of any equilibrium normal-state solution in CBL below H c2 (T) line. Both superconducting (⌬ 0) and normal (⌬ϭ0) solutions are allowed at any temperature in the BCS superconductors. Then the system decides which of two phases ͑or their mixture͒ is energetically favorable, so that the local charge neutrality is respected providing the minimum of free energy. 27 In contrast, an equilibrium normalstate solution of the complete set of the BdG equations ͑with 0 ϭ0͒ does not exist in CBL because it does not respect the density sum rule below H c2 (T). 10 Hence there are no different phases to mix, and the only way to aquire a flux in the thermal equilibrium is to redistribute the local density of bosons at the expence of their Coulomb energy. This energy determines the vortex free energy FϭE v ϪE 0 , which is the difference of the energy of CBL with, E v , and without, E 0 , the magnetic flux:
͑11͒
By the use of Eqs. ͑4͒ and ͑6͒ it can be written in the dimensionless form as
In the large limit the main contribution comes from the region p/ϽϽ p, where f Ӎ1 and ӍϪp 2 / 2 2 ; the energy is thus the same as that in the BCS superconductor, F Ӎ2p 2 ln()/ 2 . It is seen that the most stable solution is the formation of the vortex with one flux quantum, and the lower critical field is the same as in the BCS superconductor, 26 h c1 Ӎln()/2. However, differently from the BCS superconductors, where the Ginsburg-Landau phenomenology is microscopically derived by Gor'kov 28 in the temperature region close to T c , the CBL vortex structure is derived here in the low-temperature region. The zero temperature solution, Fig. 2 , is actually applied in a wide temperature range well below the Bose-Einstein condensation temperature, where the depletion of the condensate remains small. Normal bosons pushed up from the condensate will be inhomogeneously distributed across the sample with the maximum density in the vortex core, where their potential energy in the electric field is at minimum. The excess density of normal bosons inside the core, n 5 , is determined by the balance between the potential energy in the field , which is about Ϫn 5
2 Le* c and their Coulomb repulsive energy about
, where L is the length of the vortex line. By equating these values one estimates n 5 as ϳn/ln(L/), which is macroscopically small. As a result the electric field and vortex profiles are not affected by some redistribution of the normal component due to the electric field.
Finally, let us estimate the size and the electric field of the vortex core by the use of the material parameters typical for oxides such as m*ϭ10m e , e*ϭ2e, nϭ10 21 cm
Ϫ3
, and ⑀ 0 ϭ10 3 . With these parameters I obtain (0)Ӎ0.48 nm, (0)Ӎ265 nm, the Ginsburg-Landau ratio Ӎ552, and (0)ӍϪ8.4 mV. Owing to a large dielectric constant the Coulomb repulsion remains weak even for heavy bosons, r s Ӎ0.46. The actual size of the charged domain is about 4, Fig. 2͑a͒, i. e., about five to ten lattice spacings.
In conclusion, a single vortex problem in the charged Bose liquid has been solved at zero temperature. Differently from the vortex in the BCS superconductors the core of the CBL vortex is charged and there is an electric field inside the core. The charged Bose liquid is an extreme type-II superconductor with the small zero-temperature coherence length, large London penetration depth, and with the sizable electric field of the order of 10 mV or more inside the core. While the magnetic field profile is the same as in the BCS case, the electric field associated with the vortex could provide unique evidence for charged bosons in the high-temperature superconductors. At higher temperatures and ͑or͒ in a strong magnetic field we are left with the complicated integrodifferential BdG equations 12 involving direct and exchange Coulomb interactions of the condensate and ''supracondensate'' bosons.
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